Abstract. We prove that the study of the Łojasiewicz exponent at infinity of overdetermined polynomial mappings C n → C m , m > n, can be reduced to the one when m = n.
Introduction. In the paper we study the Łojasiewicz exponent at infinity for overdetermined polynomial mappings, i.e. polynomial mappings f :
, where m > n. In the case m = n this exponent is well known (see [C] [PT] ). It is strongly related to the properties of properness and injectivity of polynomial mappings (see [H] , [C] [PT] ). Numerous papers have been devoted to the estimation of this exponent from below and to the effective Nullstellensatz (see [C] , [B 1 ], [B 2 ], [JKS] , [K] , [S] , [BY] , [CK 5 ]). The deepest result in this direction is the Kollár inequality [K] . We investigate it in Corollary 3.2.
We reduce the computation of the exponent of f :
, m > n, to the case m = n (see Theorem 2.1 and Corollary 3.1). The key point of the proof is the reduction of the study of the fibres of a polynomial mapping to the case of m ≤ n (Proposition 1.1). We obtain it by composing f with a linear mapping. This method can be applied to obtain a characterization of the Łojasiewicz exponent of a proper polynomial mapping (Corollary 3.3, cf. [C] , [P 1 ]). Corollary 3.3 also gives a criterion for injectivity of polynomial mappings (cf. [P 1 ]).
Additionally, using the Łojasiewicz exponent at infinity we prove a criterion of properness of polynomial mappings (Corollary 3.4, cf. [C] , [P 1 ]).
Fibres of polynomial mappings.
In what follows we write "the generic x ∈ A" instead of "there exists an algebraic set V such that A \ V is a dense subset of A and x ∈ A \ V ". , where for k = 0 we put
where
The proof will be preceded by an easy lemma. We denote by
be an algebraic set of dimension s.
Proof of Proposition 1.1. In the proof of (ii) we will need a version of (i) in the case of regular mappings. So, we prove (i) in the slightly general case of regular mappings
, where X is an irreducible algebraic set, dim X ≤ n and f j = const. Let W ⊂ C m be the closure of f (X) and k = dim W . Obviously k ≤ n. We have two cases: 1
By Corollary 3.16 and Proposition 2.31 of [M] , Γ is an algebraic set. Moreover dim Γ < n, since in the opposite case, by the definition of Γ and Corollary 3.15 of [M] , we have 
Zariski open and dense subset of L(m, n), we have the assertion in this case. This gives (i).
To prove (ii), let
be a regular mapping of the form
From the first part of the proof, we now see
2. The Łojasiewicz exponent at infinity. In this section we prove Theorem 2.1 on reduction of calculations of the Łojasiewicz exponent at infinity of a mapping
be a polynomial mapping such that #f
where |·| denotes the policylindric norm. We define the Łojasiewicz exponent at infinity of the mapping f as sup N ∞ (f ) and denote it by L ∞ (f ).
The proof of this theorem will be preceded by two lemmas. 
is an empty set and we put δ 1 = 1, or A 1 = ∅ and we put δ 1 = min A 1 . By (7) we have δ 1 > 0. Putting δ = min(δ 1 , 1), by (8) and the definition of A 1 we obtain |L(y)| ≥ δ for any y ∈ V . This gives the assertion in this case. If 0 ∈ V , then either A 2 = {|L(y)| : y ∈ V ∧ ε ≤ |y| ≤ 2C L } is an empty set and we put δ 2 = 1, or A 2 = ∅ and we put δ 2 = min A 2 . By (7) we have δ 2 > 0. Putting δ = min(δ 2 , 1), by (8) and the definition of A 2 we obtain the assertion in this case. This ends the proof. 
Then, by Lemma 2.1, there exists a Zariski open and dense subset U ⊂ L(m, n) such that for any L ∈ U and any ε > 0 there exists δ > 0 such that for any y ∈ W ,
Thus we have the assertion in this case.
Let now dim W = n. Then, by Proposition 3.15 of [M] , we easily see that there exists an algebraic set V ⊂ W such that dim V ≤ n − 1 and the mapping
is a finite covering. Thus it is a proper mapping. By Lemma 2.1, there exists a Zariski open and dense subset U 1 ⊂ L(m, n) such that for any L ∈ U 1 and any ε > 0 there exists δ > 0 such that for any y ∈ V ,
By Sadullaev's Theorem there exists a Zariski open and dense subset
Take any L ∈ U 1 ∩ U 2 and ε > 0. Assume to the contrary that there exists a sequence {x n } such that |x n | → ∞, |L(f (x n ))| → 0 and
Without loss of generality, by (11), we may assume that f (x n ) → y 0 , where
. Since the mapping (9) is proper, we see that y 0 ∈ V . So, |y 0 | ≥ ε and L(y 0 ) = 0. This contradicts (10) and ends the proof.
Proof of Theorem 2.1.
Let U = {L ∈ L(m, n) : #[(L • f ) −1 (0)] < ∞}. Let L ∈ U . Then there exists M ∈ L(m, m − n) such that L = (L, M ) ∈ L(m, m) and L ∞ (f ) = L ∞ ( L•f ). Obviously for x ∈ C n we have | L•f (x)| ≥ |L • f (x)|, so L ∞ ( L • f ) ≥ L ∞ (L • f ).
This gives (5).
To prove the "moreover" part, let W = f (C n ). Consider two cases: 
Thus there exists ε > 0 such that for any y ∈ W with |y| < ε,
Hence, by Lemma 2.2, for L ∈ U 2 ∩ U there exist δ > 0 and r > 0 such that for any x ∈ C n with |x| > r we have
This ends the proof.
Corollaries.
From Theorem 2.1 we easily obtain the following corollary.
be a polynomial mapping, where m ≥ n ≥ 1 and #f
Proof. By Proposition 1.1(ii) and Theorem 2.1, for the generic L ∈ ∆ 0 (m, n) we have (14) (m, n) we have (13). This ends the proof.
Łojasiewicz exponent at infinity
Proposition 1.10 of [K] gives immediately
For m = n = 2 this inequality was obtained by Chądzyński [C] . The proof of Proposition 1.10 in [K] is based on Proposition 4.1 of [K] , where it is assumed that m ≤ n. Reduction of the case m > n to the case m ≤ n is not clearly explained. Corollary 3.1 gives us such a reduction: Let us give some corollaries on proper polynomial mappings.
then f is injective, and so
Proof. From the assumption we have m ≥ n. Since f is a proper mapping, it is well known that 
.
Now (19) gives (16).

S. Spodzieja
Assume that (17) holds. Then, by (19),
is a polynomial automorphism. This shows that f is injective, completing the proof. 
#f 
